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SMALL ZEROS OF QUADRATIC FORMS
OVER NUMBER FIELDS

JEFFREY D. VAALER

ABSTRACT. Let F be a nontrivial quadratic form in N variables with coeffi-
cients in a number field k and let A be a K X N matrix over k. We show that
if the simultaneous equations F(x) = 0 and Ax = 0 hold on a subspace X of
dimension L and L is maximal, then such a subspace X can be found with the
height of X relatively small. In particular, the height of X can be explicitly
bounded by an expression depending on the height of F' and the height of
A. We use methods from geometry of numbers over adeéle spaces and local to
global techniques which generalize recent work of H. P. Schlickewei.

1. Introduction. Let
N N
(1-1) F(X,Y) = Z Z PmnYmIn
m=1n=1

be a symmetric bilinear form with coefficients ©;,n = ©nm in an algebraic number
field k. We write ® = (mn) for the associated N x N matrix and F(x) = F(x,x)
for the associated quadratic form. It is well known that if the quadratic form F
has a nontrivial zero in k" then in fact there is a vector ¢ # 0 in k" such that
F(¢)=0and

(1.2) h(g) <kn (@) D72,

Here h is a homogeneous height on vectors and ¥ is a suitable homogeneous height on
the matrix ®. We give precise definitions for all our heights in §2. The bound (1.2)
was obtained for k = Q by Cassels [3] (see also the version of Birch and Davenport
[1]), and later generalized to number fields by Chalk [4] and S. Raghavan [7].
Recently H. P. Schlickewei [8] has extended Cassels’ result for k = Q in a different
direction. Suppose that L > 1 is the largest integer such that the quadratic form
F vanishes on some L dimensional rational subspace of Q. Then Schlickewei has
shown that there exist L linearly independent vectors ¢, ¢z, . .., ¢z in Q¥ such that
F vanishes identically on the subspace spanned by {¢1,¢2,...,¢r}, and

L
(1.3) [Tr() <n ¥(@)N-D)/2,

1=1
In particular, there exists a vector ¢; # 0 in QV with F(¢;) =0 and
(1.4) h(si) <n ¥ (®)N-DI/2L,
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In the present paper we further extend Schlickewei’s result by working over an
arbitrary algebraic number field k. This requires us to use geometry of numbers
over adele spaces. We also consider simultaneous zeros of a quadratic form F
and a system of linear forms Ax, where A is a K x N matrix over k¥ with rank
(A) = K < N. Our bounds depend on }¥(®) and on the height H(A) of the
system of linear forms. Here H(A) is the homogeneous height on the Grassmann
coordinates of A which occurred in [2].

2. Heights and measures. We suppose that the number field £ has degree
d over Q. If v is a place of k we write k, for the completion of £ at v. Then
dy = [ky : Qo] denotes the local degree. We write v|oo if v is an infinite place,
vt oo if v is a finite place, and v | p if v lies over the prime number p. At each place
v we normalize an absolute value | |, on k, as follows:

(i) if v | p then |p|, = p~%/4,

(ii) if v | oo then |a|, = |a|®/?, where | | is the usual Euclidean absolute value
on R or C.

It follows that our absolute values satisfy the product formula [], o], = 1
whenever a € k and a # 0. We will also make use of a second normalized absolute
value || ||» on k, which we define by

lledlo = Jals/®.

Of course || ||, extends the usual p-adic absolute value on Q, if v|p and the Eu-
clidean absolute value if v | oo.

Let
T

T2

IN
denote a (column) vector in k”V. We define a height h(x) for such vectors by

hx) =g{lg¥N|zn|v}.

If @ # 0 and o € k, then by the product formula we have h(ax) = h(x). This
hoAr,nogeneity allows us to regard h(x) as an absolute height on projective space
Pyl
kIt will be convenient to extend our absolute value || ||, to vectors x in (k)" as
follows:
(i) if v oo then ||x|l, = maxi<n<n ||Znllvs
(i) if v] oo then [[x[ly = (Za=y llZall3) /2.
We also extend | |, to vectors by ||x||,,"/d = |x[y-
Next we consider heights on matrices. If ® = (omy) is an N x N matrix over k
we set

)'(v(q)) = 1523%3(51\1 |‘Pmn|v if v 4 0o,

N N dy/2d
¥y () = {Z > ucpmnuz} if v | 0o,

m=1n=1
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and

(2.1) ¥(®@) =[] (@)

If o # 0 and a € k then we clearly have X (a®) = ¥ (®) by the product formula. We
will apply the height ¥ only to the square matrix ® of coeflicients for the quadratic
form F.

Let X = (Znm) be an N X M matrix over k,. If I C {1,2,..., N} is a subset of
cardinality |I| = L, we write

IX=($nm), n€I$m=1a2a"'7M7

for the corresponding L X M submatrix. Similarly, if J C {1,2,..., M} with
|J| = L, we write

X7 = (Tnm), n=12,...,N, meJ,

for the corresponding N x L submatrix. Now suppose that rank(X) = M < N.
We define the local height H,(X) on the Grassmann coordinates of X as follow:
(i) If v { oo then
H,(X)= |?|q-_§)1\(4|det 1X|o-

(ii) If v | 0o then

dy/2d
H,(X) = ( Sl det,xng) )

[Il=M
We note that for v| oo we also have
(2.2) H,(X) = |det X*X|1/?

by the Cauchy-Binet formula, where X* denotes the complex conjugate transpose
of X. The identity (2.2) will be used frequently.

The local heights H, satisfy an important inequality. Suppose that rank(X) =
M < N with X partitioned into blocks as X = (X; X3), where X; is N X M; and
X, is N x M. Then we have

(2'3) Hv(X) < Hv(Xl)Hv(X2)'

This is easily proved using Laplace’s expansion. Further details are contained in
(2, pp. 15-16].

If x is a (column) vector in (k, )" we write H,(x) for the local height of x where
we regard x as an N X 1 matrix. We note the identity

Hy(x) = (Ixflo)*/* = |xl,.

)N

If X = (nm) has entries in k we may apply H, at each place v of k. In this case
we define the global height H(X) by

H(X) =[] H.(X).
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Thus H is a height on the vector (det ;1 X), |I| = M, of Grassmann coordinates of
X. Suppose that U is an M x M nonsingular matrix over k. Then

(2.4) H(XU) = [[{l det Ul Hy(X)} = H(X)

by the product formula. This identity allows us to view H as a height on subspaces.
Let X C k™ be a vector subspace of dimension M, 1 < M < N, and let
{x1,%2,...,Xp} be a basis for X over k. We may then suppose that

(2.5) X = (x1X2 -+ Xp1)

is the N x M matrix having x,, as its mth column. Assume that Y = (y1y2---ym)
is another N x M matrix having columns which form a basis for X over k. Then
there exists an M x M nonsingular matrix U such that Y = XU. In view of (2.4)
we have H(Y) = H(X). Hence we define the height H(X) of the subspace X by

H(X) = H(X).

Our remarks show that this is well defined.

Let X = (Tpm) be an N x M matrix over k, or k with rank(X) =N < M. We
extend our heights H, and H to X by applying them to the transpose of X.

The subspace X C kY may occur as the null space of a system of linear forms.
Let A be an (N — M) X N matrix over k£ with rank(4) = N — M < N and such
that X = {y € kV: Ay = 0}. By the duality theorem of Brill-Gordan [5] (see also
[6, Theorem I, p. 294]) there exists a constant v € k, ¥ # 0, such that for every
subset 1 C {1,2,...,N}, |I| =M,

det ; X = 7(—1)5(” det Ay,

where J is the complement of I and e(J) = }_,; j. From the product formula we
therefore obtain the following duality principle:

(2.6) H(X) =[] Ho(X) = [ [{INoHo(A)} = H(A).

A basic property of our heights A, ¥ and H is that they depend only on the
algebraic numbers which form the entries or coordinates of the matrices and vectors
to which these heights are applied. They do not depend on the field k£ which
contains the entries or coordinates. This follows from the way we have normalized
the absolute values | |,.

In §5 we apply an adelic version of Minkowski’s second theorem on successive
minima. This result and the relevant definitions concerning geometry of numbers
over adele spaces are contained in [2, pp. 16-18]. Here we briefly describe some of
the objects which occur in our application of Minkowski’s theorem.

We write ka for the adele ring of the number field k, and Oy for the ring of
integers of k. If v is a finite place of k then

Oy ={z €ky: |z]y < 1}

denotes the maximal compact subring of k,. Now the additive group of k, is
locally compact. Therefore we may select a Haar measure §, on k, by the following
normalization:
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(i) If v|p we require that £,(0,) = |D,,|g/ 2. where D, is the local different of k
at v.

(ii) If k, = R then S, is ordinary Lebesgue measure on R.

(iii) If k, = C then S, is Lebesgue measure on the complex plane multiplied by
2.

The product measure 3 =[], B, then induces a normalized Haar measure (also
denoted by () on the adele ring ka. If (ka)" is an N-fold product of adéle spaces
we write V for the product Haar measure BV on (ka)". In the adelic version of
Minkowski’s second theorem the Haar measure V plays the réle of volume.

It will be convenient to define

rVHTAN+DI/N  if v s real,
ro(N) =4 (2m)~Y2{D(N + 1)}V if v is complex,
1 if v1 oo,

and

ck(N) = $ 20Ak2 T (ro(W))%/4 5,
v | oo
where Ay is the discriminant of k. The radii r,(N) and our normalization of 3,
are such that

By ({u € (ko)™ flulle < 7o(N)}) =1
for each infinite place v of k. The quantity cx(/N) will occur as a field constant.
3. Statement of results. Let F(x,y) be a symmetric bilinear form over k with
N x N coefficient matrix ® as in (1.1). Let Z C k" be a subspace of dimension M,

1< M < N. We assume that the quadratic form F(x) = F(x,x) has a nontrivial
zero in Z and we define L to be the largest positive integer such that

Z0 ={zeZ: F(z) =0}

contains a subspace of dimension L. Thus we have 1 < L < M, but to avoid
degenerate situations we will assume that 1 < L < M.

THEOREM 1. There ezists a subspace X C Z© such that X has dimension L
over k and

(3.1) H(X) < (2% ep(M - L)?¥(2)yM-D/2H(2).

By using a basis for X in Theorem 1 consisting of vectors with small height, we
obtain the following generalization of Satz 1 in Schlickewei [8].

COROLLARY 2. There exist L linearly independent vectors ¢i,¢z,...,¢L tn
(Ok)N N Z(©) such that F vanishes identically on the subspace X spanned by {¢1, ¢,
...,SL} over k and such that

L
(32) [TA(s) < ex() {225 ep (M — L)X (@)} M-1)/2H(Z),
=1
If the vectors ¢1,¢2,...,¢L in Corollary 2 are arranged in order of increasing

height then it is clear that h(¢;) satisfies an inequality analogous to (1.4).
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Let A be a K x N matrix over k with rank(A4) = K < N. Assume that
(3.3) ZO ={zek"N: Az =0 and F(z) = 0}

contains a nontrivial vector and then let L be the largest positive integer such that
Z©) contains a subspace of dimension L. Now to avoid degeneracies we suppose
that K + L < N.

COROLLARY 3. There exists a subspace X contained in the set Z(0) defined
by (3.3) such that X has dimension L over k and

(3.4) H(X) < {221 (N — K — L)X (®)}N-K-L)/2H(A).

Moreover, there exist L linearly independent vectors ¢1,¢s, ..., ¢ in (Og)N N zZ©)
such that X s spanned by {¢1,¢2,...,¢L} over k and

(3.5) H h(q) < ce(1)F{22 4 e (N — K — L)X (@)} N -K-Li/2[(A).

The bounds given in (3.2) and (3.5) may be regarded as a hybrid version of
Schlickewei’s result proved over an algebraic number field and the homogeneous
form of Siegel’s lemma obtained in [2]. For example, if Z = k™ then (3.2) reduces
0 (1.3). On the other hand, in the degenerate situation K + L = N the inequality
(3.5) becomes

L
H ) < ex(1)FH(A),

and this is exactly the bound given in [2, Theorem 9].

4. Preliminary lemmas. Throughout this section we work over the vector
space (ky,)V, where v is a fixed place of k. Let A C (k,)" be a subspace of
dimension L, 1 < L < N, and suppose that {a;,as,...,aL} is a basis for 4 as a
vectorspace over k,. We write A = (ajay---ar) for the N x L matrix having a; as
its [th column. Next we define an N x N matrix P, = P,(A) as follows:

(1) If v | oo then

(4.1) P, = A(A*A)™1 A",
(ii) if v t 0o we select J = J,, € {1,2,3,...,N} so that |J| = L and
(4.2) IrIIIIEXLMet 1Aly = | det jA|,.

Then we define
(4.3) P, = A(JA) ™ (1N).
Here 1x denotes the N x N identity matrix. If {a),a},...,al } is another basis
for A and A’ = (a}a)---a)) is the corresponding N x L matrix, then A = A'U,
where U is a nonsingular L x L matrix over k,. A simple calculation shows that
P,(A) = P,(A"). Thus we may write P, = P,(A), since P, depends on the subspace
A and not on our choice of a basis for A.

The matrix P, acts as a projection operator onto the subspace A. In particular
we have

(4.‘4) P,xe A forall x € (k,)V,
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and
(4.5) P,x=x forall xe 4.

The first of these is trivial. To verify (4.5), write x € 4 as x = Ay with y € (k,)~.
If v| oo we have
Px = A(A*A)"'A* Ay = Ay = x,

and if vt oo then

Pyx = A(;A)71(In)Ay = A(;A) 7! (;A)y = Ay = x.
Using (4.4) and (4.5), or by direct calculation, we also find that
(4.6) P:=p,.

Let M be an integer with L < M < N and let B = (bybs---bps_1) be an
N x (M — L) matrix over k,. We assemble the matrices A and B into blocks of an
N x M matrix C by defining

4.7 C=(A B)
LEMMA 4. Ifrank(C) = M and P, = P,(A) is projection onto the subspace
A spanned by the columns of A, then
(4.8) Hy(C) = Hy(A)Hy((1n — P,)B).
PROOF. First we assume that v|oo. Then
o= (£4 £2)

and the matrix
* AV—1 g%
(4.9) (IOL (Al’;)_LA B)
has determinant one. If we multiply C*C on the right by (4.9) we find that
A*A 0 >
B*A B*(1y - P,)B
= det(A*A)det{B*(1y — P,)B}.

(4.10) det(C*C) = det (

Next we use the identity
B*(1y — P,)B={(1y — P,)B}*{(1ny — P,)B},

which follows from (4.6), and then apply ||, to both sides of (4.10). This proves
the lemma when v is an infinite place.

Now suppose that v{oo and let I C {1,2,...,N} with |I| = M. From the
definition of P, in this case it is clear that each column of ;(P,B) is a linear
combination of columns of ;A. Thus we have

det ;C =det{(;A [B)}=det{(;A ;B-;(P,B))}
= det{(1A I(lN - Pv)B)}.
Using (2.3), it follows that
Hy(C) = H{(A (1 - P,)B)} < H,(A)H,{(1y - P,)B}.
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To establish the inequality in the opposite direction we argue as follows. Let
I €{1,2,...,N}, with || =L,

and
IQQ{I,Q,...,N}, with |121=M—L.

We assume that ;, A is not singular. Then the matrix
1y —(,A)™'B
(4.11) ( K -
has determinant one. Multiplying on the right by (4.11), we obtain that

A B A
det (214 23) = det <2A LB - IQA?I,A)"1113>
= det(;, A)det{;,B — ,A(1,A)"'1, B}
= det(;, A) det{12(1N — A(IIA)—II1 (lN))B}.
If we select I; = J, so as to maximize | det(;, A)|, then

A B
det | Jo70 v
¢ <1A IgB)

2

(4.12) Hy(A)|det{r,(1n — Py)B}|v = < Hy(C).

v
Finally, we select I so as to maximize the left-hand side of (4.12). Thus we have
H,(A)H{(1y — P,)B} < H,(C),

which completes the proof of the lemma.

LEMMA 5. Let A,B,C and P, = P,(A) be as in Lemma 4. We assume that
U is an (M — L) x N matriz over k, such that

(i) YA is an (M — L) x L zero matriz,

(i) ¥B is an (M — L) x (M — L) nonsingular matruz.
Then we have
(4.13) | det ¥B|,H,(A) < Hy(V)H,(C).

PROOF. From (i) and the Cauchy-Binet formula we obtain the expansion
(4.14) det ¥B = det{¥(1y — P,)B} = Z (det ¥y)(det{;(1n — P,)B}).

[I|l=M-L

If v| oo we apply the Cauchy-Schwarz inequality to the right-hand side of (4.14).
If v 4 0o we apply the ultrametric inequality. In either case we deduce that
(4.15) |det ¥B|, < Hy(¥)Ho{(1n — P»)B}.
Next we multiply both sides of (4.15) by H,(A) and use the identity (4.8). In this
way we obtain exactly the inequality of the lemma.

LEMMA 6. Let A C (k,)N be a subspace of dimension L, 1 < L < N, and let
a; # 0 be a vector in A. There exist vectors az,as,...,ar in A such that

(i) the set {a1,as,...,aL} is a basis for A over ky,

(ii) the N x L matriz A = (ajag---ar) satisfies the identity

L
Hy(A) = H Hy(ag).
(=1
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PROOF. If L = 1 the lemma is trivial. Therefore we assume that the lemma
holds for all subspaces of dimension L — 1, with 2 < L < N. Given ay, let
{a1,b1,bs,...,br_1} be any basis for A with B = (b;by---br_1). Then write
P, = P,(a;) for projection onto the subspace spanned by a;. By Lemma 4 we have
(4.16) H,{(ay B)}=H,(a1)H,{(1y — P,)B}.

Let B’ be the subspace of A spanned by {(1x —P,)b1,...,(1n—Py)br_1}. In view

of (4.16), the subspace B’ has dimension L — 1. Applying the inductive hypothesis

to B’, we find that there exists a nonsingular, (L — 1) x (L — 1) matrix U such that
(v — Py)BU = (byby---by_;) = B’

satisfies

L-1
Hy(B') = [] Ho(b)).
-1

For | =2,3,...,L we define a; = b;_;. Then we have
Hv(A) = Hv{(al (lN - Pv)BU)}

L
= H,(a1)Hy{(1v — P,)BU} = Hy(a1)H,(B') = [ | Hy(a),
=1

which proves the lemma.

LEMMA 7. Let A C (ky)N be a subspace of dimension L, 1 < L < N, and let
P, = P,(A) be projection onto A. For each vector & in (ky) we have
(i) if v| oo then
€15 = I1PEIIZ + (1w — Po)élI3,
(ii) if v { oo then

|€lo = max{|Py€|o, (1N — Py)€lu}.

PROOF. If v|oo then P,¢ and (1y — P,)€ are orthogonal with respect to the
usual Hermitian inner product. Thus (i) is the familiar Pythagorean identity.

If vtoolet {a;,...,a.} be a basis for A and let A = (a;---ar) be the corre-
sponding N X L matrix. By permuting the rows of A, if necessary, we may assume
without loss of generality that the subset J = J, C {1,2,...,N}, |J| = L, which
satisfies (4.2), is in fact J = {1,2,3,...,L}. If we write W = A(;A)~! then ;W
is 11, and, using (4.2), we find that | det ;W|, < 1 holds for every L x L submatrix
1W. In particular, if we form a submatrix ;W with I = {1,2,...,l—-1,l+1,...,L
and L + j}, where 1 < 7 < N — L, we obtain

|det Wy = |wp4julo < 1.

Thus every entry in the matrix W has v-adic absolute value less than or equal to
one. Therefore we must have

(4.17) |Po€lo = [A(A) " s (IN)€lo = W (18)lo < [€lo.
In a similar manner we can show that
(4'18) |(1N - Pv)elv S Ielv
Now by the ultrametric inequality,
(4.19) Iflv =|Py¢+ (In — Py)él, < max{|Py&lv, |(1n — Py)€lw}-

Of course the identity in (ii) follows from (4.17), (4.18) and (4.19).
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LEMMA 8. Let A C (ky)N and P, = P,(A) be as in Lemma 7, and define
Qv = Qu(A) by Qu = 3(1n + P,). For each vector € in (ky)N we have

(i) if v] oo then |€ly < 24/9|Qu €, < 244/91¢],,

(it) f v|2 then [€lo < |Quély < 2%/21Ely,

(iil) #f v|p, where p is an odd prime, then |&|, = |Qu€|v.

PROOF. Suppose that v|oo and write Q, = P, + 3(1y — P,). Using (i) of
Lemma 7 we have

€15 = IP€15 + (1w = o)
< 4{[IPENT + 13 (1w — P)EIZ} = 41Quéll:
< 4{|P.€lZ + I(In — P)EN2Y = 4ll€l12,
and case (i) of the present lemma clearly follows from this. If v+ oo the proof is

similar using (ii) of Lemma 7. We also take into account that |2|, = 27%/2 if v |2
while |2|, = 1 if v|p with p an odd prime.

LEMMA 9. Let A C (ky)V, P, = P,(A) and Q, = Q,(A) be as in Lemma 8.
Suppose that X is an N X M matriz over k, with 1 <rank(X)=M < N.
(i) If v| oo then

Hy(X) < 29M/AH (QuX) < 24M/eH, (X).
(ii) Ifv|2 then
Hy(X) < Hy(QuX) < 2%M/2H,(X).
(iii) If v|p, where p is an odd prime, then H,(X) = Hy(Q,X).

PROOF. The matrix @, is clearly nonsingular. In fact, we have @, = (2)1ny —
P,. Thus the columns of Y = Q,X span an M dimensional subspace of (k,)". By
Lemma 6, there is a nonsingular M x M matrix U such that YU = (y\y% - ¥'y»)
satisfies

M
(4.20) Hy(YU) = [] Holym).
m=1

Suppose that v |oco. Then

M
Hy(X) = |det U], Ho(Qy'YU) < |det U7 T Ho(Qy'yr)

m=1

by (2.3). Using (i) of Lemma 8 this is

M
(4.21) < |det Uy 2% M/ T Ho(yim):

m=1
Finally, we apply (4.20) to conclude that
Hy(X) < |detU|;t2%Mig (YU) = 2%M/H,(Q,X).

All the remaining cases can be proved in a similar manner using Lemma 6 and the
other inequalities in Lemma 8.
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5. Enlarging subspaces. Let X and Z be subspaces of (k)" such that X C
Z C (k)N and
1<dim(X)=L <dim(Z)=M < N.

We assume that {x;,X2,...,xL} is a basis for X over k and {x1,...XL,¥1,¥2,---,
Ym—L} is a basis for Z over k. We write

X = (x1x2---x1), Y =(yiy2:---ym-r), and Z=(X Y)

for the corresponding N X L, N x (M — L) and N x M matrices over k.

At each place v of k we write X, and Z, for the completions of X and Z. Thus
Xy, € Z, C (ko) are subspaces spanned by {x1,...,x.} and {x1,...,X1,¥1,.--,
ym—1} over k,, respectively. At each place v we use the matrix X to define
projection onto X,. Now we write P, = P,(X) = P,(X,) for the N x N matrix
defined by (4.1) or (4.3).

Suppose that H(X) is large compared with H(Z). In this section we wish to
show that an intermediate subspace Y can be constructed such that X C Y C Z,
the dimension of Y is not too large and H(Y) is smaller that H(X). For our eventual
application we require only the case in which Y has dimension L + 1. However,
there are no additional difficulties in proving the following more general result.

THEOREM 10. There exist M — L linearly independent vectors uj,uq,...,
up—r in kM—L such that

M-L

II {1‘[ Hy{(ly - Pv)YUl}} < {ee(M - LY PH(Z)H(X)™

1=1
PROOF. If v| 0o we define
S, ={ue k)M L:|(1y - P,)Yu|y < ry(M — L)}.

The set S, is nonempty, open, convex and symmetric. Our choice of r,(M — L) is
such that
By F({u e (k)™ F i lully < ro(M — L)}) = 1.
Since || ||, is the usual Hermitian norm on vectors, it follows easily that
(5.1) BYE(Sy) = [l det{(In—=Po)Y }*{(In = P,)Y }I;*/% = Hy{(In—P)Y} ™%
If v 4 0o we define
Sy ={ue (k, )™ L:|(nx-P)Yul, <1}

In this case the set S, is a compact and open O,-module in (k,)™ L. The Haar
measure of S, can be found by using the v-adic cube slicing identity which is (4.8)
and (4.9) of [2]. By that result we have

(5.2) BM-L(S,) = H,{(1y — P,)Y}~9|D,|d(M~1)/2,

Also, for almost all finite places v the entries in the matrix (15 — P,)Y have v-adic
absolute value less than or equal to one. It follows that (O,)M~L C S, for almost
all v. On the other hand, we have H,(Z) = H,(X) = 1 for almost all finite v and

H,{(ly — P,)Y} = H,(Z)H,(X)™!
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by Lemma 4. It follows from (5.2) that
ﬂf;w“L(Sv) = |Dv|g(M_L)/2 = By_L((Ov)M_L)

at almost all finite v and hence S, = (O,)™ L at almost all finite v.

Let S =[], Su, so that by our previous remarks S is a subset of the product
of adeéle spaces (ka)™~L. We then define A\;, | = 1,2,...,M — L, to be the Ith
successive minima associated with §. That is,

A =inf{} > 0: (A$) N (k)™~L contains  linearly independent vectors}.

The set S has a compact closure in (ka)™~% so that its adelic Haar measure is
$)=TI8Y"* .
v

Applying (5.1), (5.2) and Lemma 4 we have

—d
= (HHv{(lN - P,,)Y}) ( [T 1D, ]2-0r2

v { oo
= H(Z) " H(X)Y A |- M-D/2,

Now the successive minima Ay, . .., Ap—p satisfy (A Ag--- Apr—p)?V(S) < 24(M-L)
(this is Theorem 3 of [2]) and therefore

(Adg - Am—r) < (2] AV HM-LH(Z)H(X)™ .
Next we suppose that u # 0 is a vector in (AS) N (k)™ L for some A > 0. We have

{ l(n = P)Yull, < Ary(M = L) ifv|oo,
|(ly — P,)Yul|, <1 if v+ 0o,

and therefore

(5.3) HH {(ly = P)Yu} < X ] {ro(M - L)}*/%.
vt oo
In particular, let {u;,us,...,up_r} be k-linearly independent vectors associated

with the successive mimina A\; < Ay < -+ < Ap—r. We may apply (5.3) to each
w; and A > A;. It follows that

T (oo < 11 A,} { o]

v | oo

M-L
< 2|A |1/2d H d /d H(Z)H(I)‘l
v|oo
= {cx(M = L)YM-LH(Z)H(X)™ L
COROLLARY 11. There exists a vector € # 0 in Z such that

(i) the subspace Y which is spanned by {x;....,xr,€} over k has dimension
L+1,
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(ii) the vectors (1n — P,)€ satisfy
[THA(N - P.)€} < cx(M - L)H(Z)V/M=BV (X))~ /(M=1),

(ili) the subspace Y satisfies
H(Y) < cx(M - L)H(Z)Y/M-D g(x)t-1/(M-L),

PROOF. We may assume that u;, us,...,up—r in the theorem are arranged so
that [T, Hy{(1~x — P,)Yw;} is increasing with [. Then we set ¢ = Yu;. Conditions
(i) and (ii) follow immediately. Using Lemma 4 we have

HY)=[[HAX Oy=[[HAX (1n-P)&)}

= H(X) [ HA(ly = P,)€} < ex(M = L)H(Z)V/ ML H ()1 =1/ (M=0),

6. Proof of Theorem 1. Let F,®,L and Z be as defined in §3. Then Z(®
contains a subspace of dimension L. Among all L-dimensional subspaces contained
in Z©) let X have minimal height. Since the set of all L-dimensional subspaces of
kN having height less than or equal to a constant is a finite set, such an X clearly
exists. Let {xi1,Xs,...,x.} be a basis for X and let X = (x;x2---x1) be the
corresponding N X L matrix. We suppose that U is a subspace of Z, spanned by
{x1,x2,...,x1, &} over k, which satisfies conditions (i), (ii) and (iii) of Corollary
11. Let y € Y so that

L
y =) ax + B¢

=1
with oy € k and S € k. It follows that

L L
(61) F(y)=2F (2 cuxi, ﬂf) + F(B€) = 28 { S wF(xi, ) + %BF(f)} .

=1 =1

From the definition of L we know that F' cannot vanish on all vectors in i. Thus
there exists a vector z € Y such that F(z) # 0. Let

L
2= wx +6¢

=1

with v € k and 6 € k. Clearly 6§ # 0, for otherwise z would be in X contrary to
the fact that F(z) # 0. Expanding F'(z) as in (6.1), we see that

(6.2) F(x;,€) #0 forsomel, 1<I<L, or F(¢ #0.
Next we define a subspace X' C Y by

L L
X' = {Zalx,+ﬂ£: a €k, BEk, and Y wF(x;,€) + 16F(€) =0}‘

=1 =1

Because of (6.2), the linear equation satisfied by a;,...,ar, 3 in the definition of
X' is nontrivial. Thus X’ has dimension L. It follows from the expansion (6.1) that
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F vanishes identically on X’. In view of the extremal property satisfied by X, we
must have

(6.3) H(X)<H(X").
We now proceed to give an upper bound for the height of X’. Let {x},x5,...,x}}
be a basis for X’ over k and let X' = (x|x5---x7} be the corresponding N x

Il

matrix. Obviously z ¢ X’ so that {x},x5,...,x],z} is a basis for Y and H(Y
H(X' z).

At each place v of k let P, = P,(X) = P,(X,) and @, = 1(1y + P,). We claim
that

(6'4) F(va;7 (In - Pv)f) =0 for1<I<L,
and
(6.5) F(Quz, (1n — P,)€) = (26)7'F(z) #0.

To verify (6.4) write
L
= Z AmiXm + ﬂzf
m=1
We have
va[ Z AmiXm + 2,3! In+ P, )6

and therefore

F(val’(lN - P f) (Z amzxm,£) + %ﬂlF((lN +Pv)€’(1N - Pv)f)

= Z Cmi F (Xm, €) + $BF(€).

m=1

In fact this last expression is zero since x is in X’. The identity (6.5) follows in a
similar manner. We find that
L

F(Quz,(In — P,)¢) = F (Z Y Xem s) + 16F(¢)

m=1

= (26)7'F(2),

where we have used (6.1), with y replaced by z, at the last step.
At each place v of k we define ¥, by

¥, = {(lv ~ P)E}7 @,

so that ¥, is a 1 x N matrix over k,. Using the Cauchy-Schwarz inequality or the
ultrametric inequality, we easily conclude that

(6.6) Hy (Vo) < Ho(®)Ho{(In — Pu)€}-
The matrix ¥, can be used to rewrite (6.4) and (6.5) as
U,Q,X' =0 and U,Q,z = (26)"'F(z).
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Thus ¥, satisfies the conditions of Lemma 5 with M = L + 1. Applying (4.13) we
obtain the inequality

(6.7) |(26) 7! F(2) o Hy (QuX") < Hy(¥0) Ho{(QuX' Quz)}.

At this point we may appeal to Lemma 9 which allow us to remove the matrix
@y from both sides of (6.7) while compensating with additional factors of the form
2-dvL/d if y| 0o and 29+(L+1)/d if 4| 2. We also use the product formula and find
that

2 [[Ho(X') =27 P H(X') < 25 [ [{Ho (W) Hy (X' 2)}

= ol+1 (HH,,(\L,)> H(Y).

(6.8)

Of course we have

[T H.(%) < %(@) [[ HoA(ln - P.)€}

< cp(M — L)X (®)H(Z)YM-L) g (x)~1/(M-L)

from (6.6) and part (ii) of Corollary 11. Finally, we combine (6.3), (6.8), (6.9) and
part (iii) of Corollary 11. This leads to the estimate

H(X) < H(X') < 2224 e (M — L)?X(®)H(2)¥ M-D g(x)1-2/(M-L),

and hence to

(6.9)

H(X) < {2%H e (M — L)X (@)} M-L/2H(Z).

7. Proof of the corollaries. Suppose that X C Z(© is the L-dimensional sub-
space satisfying (3.1) and X is the N x L matrix having columns which span X over
k. By Theorem 8 in [2] there exist L linearly independent vectors u;,uz,...,uy in
k% such that Xu; € (Ox)N and

L
[]r(xw) < ex(1):H(X).
=1

Corollary 2 follows by setting ¢ = Xu; and using (3.1).

To establish Corollary 3 let M = N — K and define Z to be the M dimen-
sional subspace Z = {z € kVV: Az = 0}. By the duality principle (2.6) we have
H(Z) = H(A). Thus (3.4) follows immediately from Theorem 1 and (3.5) is equally
straighforward from Corollary 2.
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